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. . Abstract: 
oo 

^ ■ In this paper we study the notion of knowledge from the positions of universal 



algebra and algebraic logic. We consider first order knowledge which is based on first 
order logic. We define categories of knowledge and knowledge bases. These notions 



1^ I are defined for the fixed subject of knowledge. The key notion of informational 
equivalence of two knowledge bases is introduced. We use the idea of equivalence 
of categories in this definition. We prove that for finite models there is a clear way 
^ ' to determine whether the knowledge bases are informationally equivalent. 

Introduction 

This work stands at intersection of two areas: universal algebra and category 
theory on the one hand and a field we call knowledge science on the other. We 
view the latter as a science dealing with languages of knowledge representation. 
It is strongly related to universal algebra and can be considered as an area of 
mathematics having motivation in computer science. 

Knowledge theory and knowledge bases provide an important example of the 
field where application of universal algebra and algebraic logic is very natural, and 
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their interacting with quite practical problems arising in computer science is very- 
productive. Another examples of such interaction are given by relational database 
theory, constraint satisfaction problem ([BJ],[JCP]), theory of complexity, and by 
others. 

One can speak about knowledge and a system of knowledge. As a rule, a domain 
of knowledge or of a system of knowledge is fixed. In our approach only knowledge 
that allows a formalization in some logic is considered. The logic may be different. 
It is often oriented towards the corresponding field of knowledge cf. [G],[L],[S]. 

In this paper we focus on the special situation of elementary knowledge. 

Elementary knowledge is considered to be a first order knowledge, i.e., the knowl- 
edge that can be represented by the means of the First Order Logic (FOL). The 
corresponding applied field (field of knowledge) is grounded on some variety of al- 
gebras 8, which is arbitrary but fixed. This variety 8 is considered as a knowledge 
type. Its counterpart in database theory is the notion of datatype 8. 

We also fix a set of symbols of relations The subject of knowledge is a triple 
(G, $, /), where G is an algebra in 8 and / is a interpretation of the set $ in G. 
It is a model in the ordinary mathematical sense. As a rule, we use shorthand and 
write / instead of {G, /). For the given $ we denote the corresponding applied 
field by $8. 

FOL is also oriented on the variety 8. 

We assume that every knowledge under consideration is represented by three 
components: 

1) The description of knowledge. It is a syntactical part of knowledge, written out 
in the language of the given logic. The description reflects, what do we want to 
know. 

2) The subject of knowledge which is an object in the given applied field, i.e., an 
object for which we determine knowledge. 

3) The content of knowledge (its semantics). 

The first two components are relatively independent, while the third one is 
uniquely determined by the previous two. In the theory under consideration, this 
third component has a geometrical nature. In some sense it is an algebraic set in an 

„fc .„ jc rr :„ ^ J .„;„j-; — ^ i — ]„„ ] //^ /f. -P^ ;„ „ „,,u; — .j- ^-^ Tif 
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denotes the content of knowledge. We would like to equip the content with its own 
structure, algebraic or geometric, and to consider some aspects of such structure. 

We want to underline that there are three aspects in our approach to knowl- 
edge representation: logical (for knowledge description), algebraic (for the subject 
of knowledge) and geometric (in the content of knowledge). This geometry is of 
algebraic nature. However, the involved algebra inherits some geometric intuition. 

Let us emphasize that logic (syntax) and geometry (semantics) often interlace: 
its own geometry is possible in logic, while logic is possible in geometry. In general, 
we can eliminate geometry and reduce everything to logic. But this leads to essential 
loss, namely we loose geometrical intuition which supplements logic. 

We consider categories of elementary knowledge. The language of categories in 
knowledge theory is a good way to organize and systematize primary elementary 
knowledge. Morphisms in a knowledge category give links between knowledge. In 
particular, one can speak of isomorphic knowledge. The categorical approach also 
allows us to use ideas of monada and comonada [ML] . It turns out that this provides 
some general views on enrichment and computation of knowledge. Enrichment of 
a structure can be associated with a suitable monada over a category, while the 
corresponding computation is organized by comonada. A knowledge base is related 
to a category of knowledge. 

This paper is in a sense a continuation of [PTP]; we repeat some material to 
make the paper self-contained. However, there are certain changes in the approach 
to the basic notions in comparison to [PTP]. The main one is that the definition 
of knowledge bases (KBs) equivalence uses the idea of categories equivalence. To 
every KB it corresponds a database (DB)[PTP]. According to the principal result 
of the paper in the situation of finite models KBs are equivalent if and only if 
the corresponding databases are equivalent. This result is contained in the main 
Theorem 4 of the paper. 

The paper is organized as follows. We include the material from [PTP] which 
is necessary for the understanding of the further sections: the first four sections 
follow [PTP] and provide a background to what follows. For the details see [PH], 
[P12],[P13]. 
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1. Algebra and logic 

1.1 Multi-sorted algebra. Keeping in mind applications, throughout the paper 
the term algebra means multi-sorted, i.e., not necessarily one-sorted, algebra. We 
fix a set of sorts T. In the considered varieties this set is finite, but it need not 
to be finite in general. We meet infinite F in the next section. 
For every algebra G e 6 we write 

The set of operations Q is called the signature of algebras in ©. Every symbol co & Q 
has a type r = t{u!) = (ii, . . . ,in] j)^^^ j £ T. An operation of type r is a mapping 

X ... X Gi^ — > Gj . 

All operations of the signature satisfy some set of identities. These identities 
define the variety of F-sorted 0-algebras. Let us consider homomorphisms and 
free algebras in . A homomorphism of algebras in © has the form 

= evy.G = {Gi,i eV) ^ G' = {G'„i eV). 

Here fXi: Gi G[ are mappings of sets, coordinated with operations in VL. A 
congruence Kerjj, = (Ker//j, z e F) is the kernel of a homomorphism fi. 

We consider multi-sorted sets X = {Xi,i e F) and the corresponding free in 
algebras 

W = W{X) = {Wi,ie F). 

A set X and a free algebra W can be presented as free union of all Xi and all 

Wi, respectively. 

Every (multi-sorted) mapping /j, : X ^ G is extended up to a homomorphism 
IJ, : W ^ G. Denote the set of all such /j, by Hom(W, G). If all X^ are finite, we 
treat this set as an affine space. Homomorphisms /i-.W ^ G are points of this 
space. 

For the given G — {Gi, i e F) and X — {Xi, i e F) we can consider the set 
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It is the set of mappings 

li={lii,ieT):X ^G. 

Tlierc is a natural bijection Hom(VF, G) — > . More information about multi- 
sorted algebras can be found in [PU]. 

Now let us turn to the models. Fix some set of symbols of relations Every 
e $ has its type r = T{(fi) = (ii,... ,in)- A relation, corresponding to (p, is 
a subset in the Cartesian product x ... x Gi^. Denote by $0 the class of 
models [G, /), where G E &, and / is a interpretation of the set $ in G. As for 
homomorphisms of models, they are homomorphisms of the corresponding algebras 
which are coordinated with relations. 

1.2 Logic. We consider logic in the given variety 0. For every finite X, there is 
a logical signature 

L = Lx = {V, A, ^, 3a;, x e X}, 

where X is \J Xi for a finite F. We consider the set (more precisely, the L-algebra) 
of formulas L$VF over the free algebra W = W{X). This algebra is an L-algebra 
of formulas of FOL over the given ©, and X. 

First we define the atomic formulas. They are equalities of the form w = w', 
with w,w' & W of the same sort and the formulas (fi{wi, . . . , Wn), where Wi e W, 
and all Wi are positioned according to the type r = t((/?) of the relations (p and to 
the sorts. The set of all atomic formulas we denote by M = Mx- Define L^W to 
be the absolutely free L^-algebra over Mx- 

Let us consider another example of an Lx-algebra. 

Given W = W{X) and G e O, denote by Bool(W, G) the Boolean algebra 
Sub(Hom(VF, G)) of all subsets in Hom(VF, G). Define the action of quantifiers in 
Bool(VF, G). Let A be a subset in Hom(VF, G) and x E Xi he a variable of the sort 
i. Then iJ,:W ^ G belongs to the set 3xA if there exists v.W ^ G in A such that 
li{y) = v{y) for every j/ e X of the sort j,j ^ i, and for every y e Xi, y ^ x. Thus 
we get an L-algebra Bool(W, G). 

Now let us define a mapping 
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where / is a model (the subject of knowledge), which realizes the set ^ in the given 
G. If w = w' is an equality of the sort i, then we set: 

li:W ^Ge Yalfiw = w') = VaF(w; = w') 

if ^i{w) = ^i{w') in G. Here the point is a solution of the equation w = w' . If 
the formula is of the form (p{w\, . . . ,Wn), then 

IJ, e Valf {(p{wi, . . . ,Wn)) 

if (f{iJ,{wi), . . . , iJ,{wn)) is valid in the model (G, /). Here fJ-iwj) = ni. (wj), ij is 
the sort of Wj. The mapping Val^ is uniquely extended up to the L-homomorphism 

Yalf:L^W Bool(W^, G). 

Thus, for every formula u G L^W we defined its value Val/(u) in the model 
(G, $, /), which is an element in Bool(l¥, G). 

Every formula u e L^W can be viewed as an equation in the given model. Then 
a point yLt: — > G is the solution of the "equation" tt if e Val/(tt). 

1.3 Geometrical Aspect. 

In the L-algebra of formulas L^W, W = W{X), we consider its various subsets 
T. On the other hand, we consider subsets A in the affine space Hom( W,G), i.e., 
elements of the L-algebra Bool(W,G). For each model (G, $,/) and for these T 

and A we establish the following Galois correspondence between sets of formulas in 
L-algebra of formulas L^W and sets of points in the space Hom(14^, G): 

Tf = A= f] Val/(w), 

Af = T={u\A c Val/(w)}. 

Here A = T-^ is a locus of all points satisfying the formulas from T. We regard T 
also as a system of "equations", where each "equation" is represented by a formula 
u from T. Every set A of such kind is said to be an algebraic set (or closed set, or 
algebraic variety), determined for the given model. We define knowledge as 

{X,T,A, (G, $,/)). 

Here T is a description of knowledge and (G, /) is a subject of knowledge. A = 
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knowledge (the place, where the knowledge is situated). A set A can be regarded 
also as a relation between elements of G derived from equalities and relations of 
the basic set $. The relation A = T^ belongs to the multi-sorted set 

A set T of the form T = for some A is called an f- closed set. For an arbitrary T 
we have its closure T^^ = {T^y and for every A C Hom(W, G) we have the closure 
Aff = {Afy. 

It is easy to understand that the following rule takes place: 
A formula v belongs to the set T^^ if and only if the formula 

(A u) ^ V 

holds in the model {G, $, /). 

If the set T is infinite then the corresponding formula is called infinitary. 

We want to study knowledge with difi'erent, changing "places of knowledge" 
X. In this case one should consider different W — W{X), different "spaces of 
knowledge" Hom(I^(X), G), and different LW{X). 

Free in algebras W{X) with finite X are the objects of the category, denoted by 
0°. Morphisms of this category s: W{X) — > VF(y) are arbitrary homomorphisms 
of algebras. The category 0° is a full subcategory in the category 0. 

We intend to build a new category related to the first order logic for the given 
0. This category will play for the FOL the role similar to that of the category of 
free algebras 0° for the equational logic. With this end we turn from pure logic to 
algebraic logic. Such a transition will allow us to associate description of knowledge 
with its content in a more interesting way. The sets of the type T = A^ also look 
more natural. 

2. Algebraic logic 

2.1 The main idea. Algebraic logic deals with algebraic structures, related to 
various logical structures which correspond to different logical calculi. For example, 

TD — 1 — ] „1 1 1 — tr — j-; , 
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are associated with non-classical prepositional logic, Tarski cylindric algebras and 
Halmos polyadic algebras are associated with FOL. 

Every logical calculus assumes that there are formulas of the calculus, axioms 
of logic and rules of inference. On this basis a syntactical equivalence of formulas 
compatible with their semantical equivalence is defined. The transition from pure 
logic to algebraic logic is grounded on treating logical formulas up to a certain 
equivalence. We call the corresponding classes the compressed formulas. This tran- 
sition leads to various special algebraic structures, in particular to the structures 
mentioned above. 

Every logical calculus is usually associated with some infinite set of variables. 
Denote such a set by X^. In our situation it is a multi-sorted set X° = {Xf, i e F). 
Keeping in mind theory of knowledge and its geometrical aspect we will use a system 
of all finite subsets X = (Xj, i e F) of X^ instead of this infinite universum. This 
gives rise to multi-sorted logic and multi-sorted algebraic logic. Every formula has 
a definite type (sort) X. Denote the new set of sorts by F°. It is a set of all finite 
subsets of the initial set X^. 

2.2 Halmos Categories. Fix some variety of algebras 0. This means that a finite 
set of sorts F, a signature fl = 0(6) related to F, and a system of identities Id{Q) 
are given. 

Define Halmos categories for the given 0. 

First, for the given Boolean algebra B we define its existential quantifiers [HMT]. 
Existential quantifiers are the mappings 3: B ^ B with the conditions: 

1) 30 = 0, 

2) a < 3a, 

3) 3{aA3b) = 3aA3b,0,a,beB. 

The universal quantifier V: S — > S is defined dually: 

1) VI = 1, 

2) a > Va, 

3) V(aVV6) = VaVV6. 

Let S be a Boolean algebra and X a set. We say that S is a quantifier X -algebra 
if a quantifier 3x: B B is defined for every x E X and for every two elements 
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One may consider also quantifier X -algebras B with equalities over W{X). In 
such algebras, to each pair of elements w, w' G W{X) of the same sort it corresponds 
an element w = w' E B satisfying the conditions 

1) w = w is the unit in B, 

2) (wi = w[ A . . . A Wn = w'^) < (wi . . . WnOJ = w'^ . . . w'^uj) where u is an 
operation in Q, and everything is compatible with the type of operation. 

Now we will give the general definition of the Halmos category for the given 0, 
which will be followed by examples. 

Halmos category H for an arbitrary finite X = {Xi,i e F) fixes some quantifier 
X-algebra H{X) with equalities over W{X). H{X) are the objects of H. 

The morphisms in H correspond to morphisms in the category 0°. Every mor- 
phism in has the form 

s^ = s:H{X)^ H{Y), 

where s: W{X) —>■ W{Y) is a morphism in 0°. 
We assume that 

1) The transitions W{X) — > H{X) and s — > s* yield a (covariant) functor 

2) Every s*: H{X) H{Y) is a Boolean homomorphism. 

3) The coordination with the quantifiers is as follows: 

3.1) Si3xa = S23xa, a e H{X), if siy = S2y for every y & X, y ^ x. 

3.2) s3xa = 3{sx){sa) if sx = y & Y and y = sx is not in the support of 
sx', x' e X, x' ^ X. 

4) The following conditions describe coordination with equalities 

4.1) S:,{w = w') = {sw = sw') for s: W{X) W{Y), w,w' e W{X) are of 
the same sort. 

4.2) s^a A {w = w') < s^,a for an arbitrary a e H{X),x e X,w,w' of 
the same sort with x in W{X), and s^: W{X) — > W{X) is defined by the rule: 
s^^ix) = w,sy = y,y e X, y^x. 

This completes the definition of the Halmos category for a given 0. 

2.3 The example Hale(G). 

Fix an algebra G in the variety 0. Define the Halmos category Hale(G) for 
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have defined the action of quantifiers 3x for all x e X in the Boolean algebra 
Bool{W {X) , G) . The equality w = w' in Bool(VF(X), G) is defined as a diagonal, 
coinciding with the set oi all /j, : W (X) ^ G for which = w'^ holds. It is easy 
to check that in this case the algebra Bool(VF(X), G) turns out to be a quantifier 
X-algebra with equalities. We set 

Hale(G)(X) = Bool(W^(X), G). 

Let now s: W{X) W{Y) be given in 6°. We have: 

s: Hom(W^(r), G) Hom(W^(X), G) 

defined by s(i>) = vs for any v: W(Y) G. 

Now, if ^ is a subset in Hom(VF(X), G), then u e s^A = sA if and only if 
s{i') = i/s & A We have a mapping: 

s*: Bool(W^(X), G) Bool(W^(y), G) 

which is a Boolean homomorphism. One can also check that s* satisfies the condi- 
tions 3-4, thereby defining the Halmos category Hale(G). 
Note that a conjugate mapping 

s*: Bool{W{Y),G) Bool{W{X), G), 

where the set s*B is the s-image of the set B for every B C U.om.{W{Y),G) 
corresponds to each s* . Here, s* is not a Boolean homomorphism, but it preserves 
sums and zero. 

It may be seen that such a conjugate mapping can be defined in any Halmos 
category. See, for example [Pll]. 

2.4 Multi-sorted Halmos algebras. 

Fix some infinite set X^ = {Xf, i e F) and let F^ be the set of all finite subsets 
X = {Xi,i e F) in X^. In this section multi-sorted algebra means F°-sorted. Every 
such algebra is of the form H = {H{X),X e FO). 

A few words about the signature of the algebras to be constructed. First, 

the signature includes Lx for every X together with equalities w = w',w,w' 
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This is the signature in H{X). Second, we consider symbols of operations of the 
type s:W{X) W{Y). To each such symbol corresponds an unary operation 
s: H{X) H{Y). Denote the signature consisting of all Lx, all equalities, and all 
s:W{X) — > VF(y) by Lq. This is the signature of FOL in in the multi-sorted 
variant. 

Consider further the variety of r°-sorted Le-algebras, denoted by Hale- The 
identities of this variety exactly copy the definition of Halmos category. We call 
algebras from Hale multi-sorted Halmos algebras. 

Every such algebra can be considered as a small Halmos category and vice versa. 
Thus we come from algebra to category and back without a special explanation. 

2.5 Algebras of formulas. 

First consider a multi-sorted set of atomic formulas M = {M{X),X G r°), with 
M{X) = Mx defined as above. All w = w' are viewed as symbols of nuUary 
operations-equalities. The set of symbols of relations $ is fixed. 

Denote by H^q = {H^q{X), X e r°) the absolutely free Le-algebra over the 
set M. This is the algebra of formulas of pure FOL in the given ©. 

Now denote by the result of factorization of the algebra H^q by the iden- 
tities of the variety Hale- It is the free Halmos algebra over the set of atomic 
formulas M. 

Let us introduce the following defining relations: 

(*) S^(fi{wi ,Wn) = (fi{swi , SWn) 

for all s: W{X) — > and all formulas of the type (p{wi, . . . , Wn) in M{X). 

In the sequel the principal role will play the Halmos algebra Hale($) = Hal^e, 
defined as a quotient algebra of the free algebra H^e by the relations of the (*) 
type. Elements of this algebra are defined to be compressed formulas. 

Consider now values of formulas. First of all take a mapping 

Val/ = (Valf , X e r^): M Hale{G). 
For the model (G, $, /) the mapping Valf : Mx ^ Bool{W{X), G) = Hale(G)(X) 
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This mapping is uniquely extended up to the homomorphisms 

Valf.H^e HalelG), 
Val/:^$G ^ Hale(G). 

Note that the relations (*) hold in every algebra Hale(G) and this gives a canonical 
homomorphism of Halmos algebras 

Valf : Hale($) ^ HalelG). 

It determines the value of the formulas Val/(w) (pure and compressed) in the given 
model (G',$,/). 

We call two pure formulas u and v of the given type X semantically equivalent, 
if Val/('u) = Val/(v) for every model (G, /). 
The following main theorem takes place [P12] : 

Theorem 1. Two formulas u and v are semantically equivalent if and only if the 
corresponding compressed formulas u and v coincide in the algebra Hale(^)- 

This theorem explains the role of algebra HalG($) as a main structure of the 
multi-sorted algebraic logic for FOL in the given 0. The same algebra plays an 
essential part in the algebraic geometry in the FOL in 0. In particular, the role of 
the algebras Hale(G) is underlined by the following theorem [P12]: 

Theorem 2. The algebras Hale(G) over different G & Q generate the variety of 
Halmos algebras Hale • 

Define the notion of the logical kernel of a homomorphism. 

Let the homomorphism W{X) — > G be given. One can view its kernel Ker/j, 
as a system of all formulas w = w' with w, w' of the same sort in W{X), for which 
H G Val(w = w'). 

Logical kernel LogKer// naturally generates the standard Ker//. We set: the 
formula u e B.al^Q{X) belongs to LogKer(//) if the point /i lies in Valf{u), i.e., 
if is a solution of the "equation" u in the given model (G, ^»,/). It is easy to 
understand, that for every point // its logical kernel is an ultrafilter of the Boolean 
algebra Hal<j,e(^)- It is also clear, that the kernel Ker// is the set of all equalities 
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3. Categories of algebraic sets 

3.1 Preliminary remarks. 

We defined in the subsection 1.3 the algebraic sets determined by FOL formu- 
las. Now we work with the compressed formulas, i.e., the formulas of the algebra 
Hale($) = Hal^e- Correspondingly we have to extend the definition of Galois 
correspondence from 1.3 to the case of compressed formulas, i.e, to the elements of 
Hale($). 

For the given place X consider sets of formulas T in Hal$G(-^) and the sets of 
points A in the space Hom(VF(X), G). Having the model (G, $,/), we establish 
a Galois correspondence between sets of elements (compressed formulas) in the 
Halmos algebra Hale($) and sets of points in the space Hom(l^, G): : 

Tf = A= Pi Val/(w) = {/i|T C LogKer(//)} 
Af = T = {u\A c Val/(w)} = Pi LogKer(//). 

As in 1.3, we call a set A represented as ^ = T'^ an algebraic set or algebraic variety 
for the given model {G, $, /). 

The set T, represented as A-f = T, is always a filter of the Boolean algebra 
Hal$e(-^)) since by definition it is an intersection of ultrafilters. We call it an 
f -closed filter. One can consider a Boolean algebra B.al^Q{X)/T for this T. If 
Tf = A and A^ = T, then the algebra Hal<j,e(X)/T is considered as an invariant 
of the algebraic set A. This invariant is a coordinate algebra of the set A. It can be 
viewed as an algebra of regular functions determined on the variety A (see [P12] ) . 

Suppose an algebraic set A is given. A filter T = A^ can be treated as the theory 
of a the set A for the fixed model (G, /). 

Every algebraic set, defined in Subsection 1.3, is also an algebraic set according to 
this new definition. The opposite is not true, because in the new variant additional 
operations of the type s: W{X) —>■ W{Y) are involved in the formulas. 

We will return later to the structure of algebraic sets. 

Consider now the relation between the Galois correspondence and morphisms of 
Halmos categories. 

For every s: W{X) — > VF(y) and every A of the type X we considered a set 



14 B.Plotkin, T.Plotkin 

Define the operations and s* on the sets of formulas. 

If T is a set of formulas in Hal$e(^), then s^T is a set of formulas in Hal$e(-^) 
defined by the rule: 

u e s*T sueT. 

If T is a set of formulas in Hal$e(-^), then s*T is contained in Hal$0(F) and it is 
defined by 

u e s*T if u = sv, V e T. 
The following theorem [P12] holds: 

Theorem 3. 

1. IfT lies in lial<i>e{X) , then 

{s*T)f = s^Tf = sTf. 

2. IfBc lioin(W(Y),G), then 

{s*By = s^B^. 

3. If Ac Rom(W(X),G), then s*Af C (sUV . 
It follows from these rules that 

1. If A = T^ is an algebraic set, then sA is also an algebraic set. 
2.IfT = B^ is f -closed, then sT = s^T is f -closed. 

3.2. Categories K$e(/) and C$0(/). 

Fix a model (G, $,/) and define a category of algebraic sets K^Q{f) for this 
model. Objects of this category have the form (X, where A = for some T. 
X is the place for both A and T. 

Let us now define morphisms (X^A) — > (Y.B). For s:W{Y) — > W{X) we say 
that s is admissible for A and B if s{u) = us E B for any u E A. It is clear that s 
is admissible for A and S if ^4 C sB. A mapping [s] : A ^ B corresponds to each 
s admissible for A and B. Note that for the equal [si] and [32] the corresponding 
§1 and §2 can be difi^erent. 

We consider weak and exact categories K^Q^f). In the first one the morphisms 
are of the form s : {X, A) {Y, B) , while in the second one they are of the form 

t „1 . r V A\ . TD\ XT „ ™ — ] u„ „J™; — ;ui„ C A ] D 
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If si is admissible for A and B and S2 for B and C, then A C siB, B C S2C, 
siB C S1S2C, and is admissible for A and C. 

Define now a category C^e{f). Its objects are Boolean algebras of the type 
B.a,U@{X)/T, where T = A^^ for some A. 

Consider morphisms 

Ra,Ue{Y)/T2 ^ Hal$©(X)/Ti. 

We proceed here from s:W{Y) — > W{X) and pass to the new s : Hal$e(^) — 
Hal$e(-^)- Assume that su e Ti for every u E T2. The homomorphism s is 
admissible for T2 and Ti in this sense. Define homomorphisms s for such s. This 
defines morphisms in C$e(/)- 

The next two straightforward propositions determine the correspondence be- 
tween the categories -fC$e(/) and C$e(/)- 

Proposition 1. ^4 homomorphism s:W{Y) — > Z5 admissible for the sets 

{X, A) and {¥, B) if and only if it is admissible for T2 = B^ and Ti = A^ . 

Proposition 2. If si,S2-W(Y) W{X) are admissible for A and B, then [si] = 
[^2] implies si = S2 • 

It follows from these two propositions that the transition 

(X,A) ^IiaUe(X)/Af 
determines a contravariant functor 

K^eif) ^ C^eif) 

for weak and exact categories -fC$e(/)- Duality for these categories takes place 
under some additional conditions. 

3.3 Categories K^q and C^q. 

In the categories K^q and C$e the model (G, /) is not fixed. Objects of K^q 
have the form {X,A; G,f). Here / is a interpretation of the set $ in the algebra 
G, fixed for the category K^q, and A = T-f for some T C Hal$0(X). 

Define morphisms 
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They act on all components of the objects. Proceed from the commutative diagram 

W{Y) W{X) 

— ^ Gi 

Consider a pair (s, S) and write (s, S){i') = v' = Svs. 

Let now A = t/^ be of the type X and B = t/^ of the type Y. We say that the 
pair (s, S) is admissible for A and B if (s, S){i') G -B for every u E A. 

We need some further auxiliary remarks. For every 5 : Gi ^ G2 and every X 
we have a mapping 

~5 : Hom{W{X), d) ^ Hom(Vr(X), Ga) 

defined by the rule 

5(u) = 5v,ve Hom(iy(X),Gi). 
Define 5^A C Hom(W(X), Gi) for every A C Hom(W^(X), G2), by setting 

e (5*^ if 5z/ = 5(z/) G A. 

We write also 5^ A = 5 A, and consider S* determined by: if ^ C Hom(VF(X), Gi), 
then S*A C Hom(Vr(X), G2) and G 5*A if = i/i G A. 

Now we can say that the pair (s, 5) is admissible for A and B if 5*A C S-B, or, 
the same, A C 5s B = s5S. 

We have morphisms 

(5,(5):(X,yl;Gi,/i)^(r,S;G2,/2) 

and 

([s],5):(X,^;Gi,/i)^(F,S;G2,/2) 

for the admissible (s, 5). Here [s] : A ^ i? is a mapping, induced by the pair (s, 6). 
We get weak and exact categories K^q. It can be proven that the pair {s,S) is 
admissible for A and B if and only if the homomorphism s: Hal$e(i^) — Hal^Q{X) 
is admissible in respect to T2 = B^^ and Ti = {5*A)f^. This leads to a natural 
definition of the category G$e with contravariant functor K^q C^q. 

Let us define the categories iir$e(G) and C<i,e{G). Here G is a fixed algebra in 
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The objects in K^q{G) have the form 

{X,A-J). 

The morphisms 

{X,AJi)^{Y,Bj2) 

are defined according to the general definition of the morphisms in K^q with iden- 
tical 5 = e: G ^ G. 

Objects in C^q{G) have the form 

(HaUe{X)/T,f), where T = 

for some A of the type X. 
The transition 

{X,A;f)^{HaUe(X)/Afj) 

determines the functor K^q{G) C^e{G). Here K^q{G) is a subcategory in K^q 
and every -fC$e(/) is a subcategory in K^q{G). The same holds for C. See also 
[NP]. 

4. Categories of elementary knowledge 

4.1 The category Know$G(/)' 

In Subsection 1.3 we defined knowledge as 

where each component has the corresponding meaning. Fix a model (subject of 
knowledge) (G, $,/). Let us define a category of knowledge for this model and 
denote it by Know$e(/)- This is the knowledge category for the given subject of 
knowledge. Since the model is fixed, the objects of the category Know$e(/) have 
to have the form (X, T, A). We do not fix the subject of knowledge in the notation 
of the object, since it is fixed in the notation of the category. 

The set X is multi-sorted. It marks the "place" where the knowledge is situated. 
The set X points also the "place of the knowledge", i.e., the space of the knowledge 

TJ „^njrr v\ /^\ „,,u; — .j- 1 1 — ]„„ //^ -P^ ;„ „; rpi „ — , 
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T is the description of the knowledge in the algebra HalQi{X), and A = is 
the content of knowledge, depending on T and /. The set T^^ = is the full 
description of the knowledge {X,T,A) which is a Boolean filter in Hal$G(-^)- 

Now about morphisms (X,Ti,^) ^ (y,T2,S). Take s:W{Y) W{X). We 
have also s: Hal$G(^) — Hal$e(-^) (see 2.2). This is a homomorphism of Boolean 
algebras. The homomorphism s gives rise to 

s: Hom{W{X), G) Hom{W{Y), G). 

As above, the first s is admissible for A and B ii s{v) = vs & B for every point 
v. W{X) ^Gi-aA. 

As we know, s is admissible for A and B if and only if su G A^ for every u G BL 
This holds for s*, for which we have also a homomorphism s : B.al^Q{Y)/ B-l" 
B.al^@{X)/Af . It is easy to prove that s is admissible for A and B if and only if 
su e A^ holds for every u eT^. We consider admissible s as a morphism 

s■.{X,T^,A)^{Y,T^,B), 

in the weak category Know$e(/)- 

We have s{i') = us E B ii u e A, and s induces a mapping [s]:A^B. Simulta- 
neously, there is a mapping s: T2 — > A^ and a homomorphism 

s: RaUeiY)/Bf ^RaUe(X)/Af. 

We have already mentioned (Proposition 2) that si = S2 follows from [si] = [S2]. 
Thus, we can take the morphisms of the form 

[s]:{X,TuA)^{Y,T2,B), 

for the morphisms of the exact category Know$G(/)- The canonical functors 
Know$0(/)— >^ K^Q{f) for weak and exact categories are given by the transition 
(X, T, A) — > {X, A). In this transition we "forget" to fix the description of knowl- 
edge T. 

4.2 The category Know$e- 

Let us define the category of elementary knowledge for the whole applied field 
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from the category $0 whose morphisms are homomorphisms in ©. They ignore 
the relations from $. 

An object of the knowledge category Know$e has the form 

{X,T,A- (G, $,/)), 

and we write {X, T, A; G, /), because $ is fixed for the category. Here X marks the 
place of knowledge. The components A = , G and / may change. 
Consider morphisms: 

{X, T,,A- Gi, /i) ^ {Y, T2, B; G2, /s). 

We apply the same approach as in Section 3.3 with some modifications. 

Start from s : W{X) and 5 : Gi G2- These s and 5 should correlate. 

Let us explain the correlation condition. Take a set Ai = {Sv, v E A} = 5* A and 
take further Tf = A{^ . Correlation of s and 5 means that su e Tf holds for any 
M G T2. The same holds for every u G B^'^. The last also says that there is a 
homomorphism 

s:HaUe{Y)/Bf^ ^HaUe{X)/A(\ 

The first of the two mappings {s,5): A ^ B and s: T2 — >^ Tf transforms the content 
of knowledge, while the second one acts on the description. Here T2 and Tf describe 
knowledge associated with the same subject (G2, /2)- 

With the fixed 5 there is also an exact mapping ([s] , 5) : A ^ B. This brings us to 
weak and exact categories Know^e- The morphisms of the first one are (s, S) and in 
the second one they are of the form ([s], 5) for {X, Ti, A; G2, fi) {Y, T2, B; G2, f2)- 
The canonical functors Know^e— > K^q are defined by the transition 

[X,T,A-GJ)^{X,A-GJ). 

As above, we remove the description of knowledge from the notations. 

4.3 Categories K^q{G) and Know$e(G). 

An algebra G G is fixed in the categories K^q{G) and Know$e(G). A set 
of symbols of relations $ is fixed as usual, but interpretations / of $ in G may 
change. Thus, K$e(G) is a subcategory in -ftT^e and Know$e(G) is a subcategory 

;„ tj „ ]; , x . . ;j — u;„™„ 
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Objects of the category K^q{G) have the form (X, A, /), and those of the category 
Kiiow$e(G) are written as {X, T, A, /). There is a canonical functor Know$e(G) — > 
K^q{G). As for morphisms 

iX,A,h)^{Y,B,f2) and 

{X,Ti,A,h)^{Y,T2,Bj2), 

we note that A = Ai,A(^ = Tf and A^^ = T/'•^^ Hence, the corresponding 
admissible s : 1^(1") W{X) transfers each u E T2 into su e t/^-^^ and it induces 
a homomorphism 

s : Hal$©(r)/S^2 ^ Hal$©(X)/A^^ 
Every s gives a mapping [s] : A ^ B. This defines a morphism (X, A, /i) — > 

(>^,5,/2). 

5. Knowledge bases 

5.1. Category of knowledge description. 

Denote the category of knowledge description by L^q or Lq{^). 

Its objects are of the form (X, T), where X is a finite set and T is a set of formulas 
of Hal$e(-^)- Define morphisms (X, Ti) (X, T2). According to the definition 
of the category Hale($) proceed from the functor 0° Hale(3>) which assigns a 
mapping s* : Hal$G(-^) — tial^@{Y) to every homomorphism s : W{X) — > W{Y). 
We say that s is admissible in respect to Ti and T2 if s*(tt) e T2 for every u & Ti. 
For such admissible s we have a mapping : Ti — > T2 which determines 

:(X,Ti)^(X,T2). 

5.2 Functor of transition from knowledge description to knowledge con- 
tent. 

Proceed from the model {G, /) and consider a functor 

Ctf : L$e K^@{f). 

Here, K^Q{f) is the corresponding category of algebraic (elementary) sets over the 
given model and Ct stands for "contents". The functor Ct/ is a contravariant one. 

To every object (X, T) of the category L$e it assigns the corresponding content 
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Now one has to define the functor Ct / on morphisms. Let a morphism 
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s,:{Y,T2)^{X,Ti) 
be given for s : W{Y) — > W{X). Show that s induces a morphism 

s.:{X,A)^{Y,B), 

where A = T{ , and B = tI. 

We proceed from s : Hom(W^(X), G) Hom(W^(y), G). 
Let us define a transition s — > s . 

Check first that if s is admissible for T2 and Ti then this s is admissible for 
A = t[ and B = . The last means that s{u) e i? if e A. The inclusion u & A 
says that u e Val/(v) for every v E Ti. We need to verify that us E B, that is 
vs e Val/(tt) for every u E T2. 

Take an arbitrary u e T2. We have: v = s*(i() e Ti; e Val/(v) = Val/(s*ti) = 
sVal/(ti). This gives us G Valy(tt). We used that s and Val/ commute, since Val/ 
is a homomorphism of algebras. 

The mapping [s] : A ^ B corresponds to the homomorphism s : W{Y) — > W{X). 
This mapping is considered simultaneously as a morphism in the category K^Q{f) 
(see 3.2) 

[s]:{X,A)^iY,B). 

We define: Ctf{s^) = s^ — [s]. 

Check now compatibility of the definition of Ct/ with the multiplication of 
morphisms. Given si : W{X) W{Y) and S2 : W{Y) W{Z) we have 
S2S1 : W{X) W{Z). Using the fact that the transition 6° HalG(^) is a 
functor, we get (s2Si)* = S2*si*. Here, we have 

si* : Hal<i,e(-'^) Hal$e(^), 

:Hal$e(>") ^Hal$0(Z), 

and 
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Let (X, Ti), (y, T2) and (Z, T3) be objects in Le($) , and si, S2 admissible in respect 
to Ti, T2 and, correspondingly, for T2, T3. In this case there are morphisms 



si*:{X,Ti)^{Y,T2), 
S2*:{Y,T2)^{Z,Ts), 

and 

S2*si* = (S2S1)* : {X,Ti) {Z,T3). 
Take t/ = ^, = B, Ti = C. We have 

and 

S2S1* = Si*S2* : {Z, C) {X, A). 

This gives compatibility of the functor Ctf with the multiplication of morphisms. 
Compatibility with the unity morphism is evident. This finishes the definition of 
the contravariant functor Ct/ : L^q — > i^$e(/)- 

5.3 Homomorphisms of Halmos algebras Hal0(^») and functors of the 

categories Le($). 

Given a homomorphism /3 : Hale($i) — ^ Hale ($2), define the corresponding 
functor P : Le($i) Le($2)- For every set of formulas T C Hal$^G(-^)) denote 
by the set = {m^,^ e T}. If (X,T) is an object in Le(^i), then, setting 

^(X,T) = (X,T^), 

we get an object in Lg(^2)- 

In order to define the functor /? on morphisms let us make a remark. Proceed 
from the functors — > Hale($i) and 0*^ — > Hale($2)- The morphisms 



„2 . TT„i _ r v\ . XT„i _ rv\ 
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correspond to every s : W{X) W{Y). We have also 

p = {Px,Xe rO) : Hale(^i) ^ Hale($2). 

The fact that the homomorphism P is compatible with the operation s is represented 
by the commutative diagram 



So, for a homomorphism s : W{X) — > we have the equality (3ysI{u) — 

slPx{u) for every u e 'H.al^^Q{X). 

Now we are able to define an action of the functor /? on morphisms. Let a 
morphism si : (X, Ti) — > (1^, T2) in the category L$^e be given and sl{u) e T2 if 
ueTi. Then, we have sl{v) G if v e Tf . 

Indeed, let v — Px{u)-, u G Ti, f e T^^ . We have: 



sl(3x{u)^sl{v)^(3Ysl{u)eTi 



Y 



since sl{u) e T2. Hence, s^(v) e T^^ for every v = Pxiu) e Tf^. 
We set si = P(sl) : Tf^ ^ Ta^^. A morphism 

corresponds to si : {X,Ti) (F,T2). 

Check now compatibility of the transition si — > si with the multiplication of 
morphisms. Given si : W{X) — > VF(y) and S2 : — > W{Z), we have S2S1 : 
— W{Z). Using once more the fact that the transition 0° — > Hale($) is a 
functor, we get 

(^2^1)* = ■^2*^1*) 

/ 2 2\ _ 2 2 

Apply ^. We need to verify that ^(s^^sjj = ^(s^J^(siJ. We have 
This gives compatibility with the multiplication as well as with the unit. Hence, 
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5.4 Knowledge bases. 

We proceed from a multi-model (G, $, -F). A multi-model (G, $,-F) defines a 
system of models (G, /, ) where / runs the set F. Here G is an algebra in 0, and 
$ is a set of relations. Recall that both the algebra G E and a relation f E F 
are multi-sorted. The set F is a set of instances /, where / is a interpretation of 
the set # in G. 

To every such multi- model corresponds a knowledge base KB = KB{G, ^, F). 
The definition slightly differs from that of [PTP] . 

Definition. A knowledge base KB — KB{G, F) consists of two categories. The 
first one is the category of knowledge description Lq{^), and the second one is 
the category of knowledge content i^$e(/)- These two categories are related by the 
functor 

Gtf.Lem^K^eif). 

This functor Ct / transforms knowledge description to content of knowledge. We 
do not assume that between different /i and f^ in F there are any ties: instances are 
independent. On the other hand, between some /i and /2 there may be relations 
that we will try to take into account (sec Section 7). 

A content of knowledge Ct/(X, T) = {X, T^) corresponds to an object (X, T) of 
the category Le(^), which is a description of knowledge. We view the description 
T as a query to a knowledge base, and ^ = T-'' as a reply to this query. 

Besides, if there is a relation s* between (X, Ti) and (F, T2), then there will be 
a relation s — s^ between (X, A) and (y, S), where A = T^ , B = T2 . 

This peculiarity of the definition naturally reflects geometrical essence of knowl- 
edge. 

In fact, in this definition of a knowledge base the category of knowledge is decom- 
posed to two categories: the category of description of knowledge and the category 
of content of knowledge, tied by the functor of transition from description to con- 
tent. 

6. Equivalence of knowledge bases 
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Let the knowledge bases KBi = M(G'i,$i,Fi) and KB2 = M(G'2, $2, ^^2) 
correspond to the given multi-models (Gi, $1, Fi) and (G2, $2, -^2)- 

Definition 1. Knowledge bases KBi and KB2 are called informationally equiva- 
lent, if there exists a bijection a : Fi — > F2 such that for every / G Fi there exist 
homomorphisms 

/3/ :Hale($i) ^Hale($2) 
/?^:Hale(^2)^Hale(^i) 

and an isomorphism of categories 

% : K^Mf) ^ K^.eifn 
such that the commutative diagrams of functors of categories hold: 



Le(^i) Le(^2) 



Ct, 

and 



Ct fCt 



L©($i)^ — Le($2) 



Ct 



Ct 



K^,Q{f) J^^^ K^,^e{f 



Denote these diagrams by * and ** respectively. Rewrite commutative diagrams 
for the object {X,T) of the category Le($i) in the form {X^T^yf = (X,T^/-^") 
and for the object (X,T) of the category Lg(^2) in the form (X, T-^'" )'^/ ' = 

Prom this follows 

The last means that everything which can be known from KBi can be also 
known from KB2 and vice versa. Similar property holds for morphisms, i.e. for 
relations between objects. Equivalence of knowledge bases we consider as a triple 
(a, *, **), where a : Fi — > F2 is a bijection, while * and ** define the corresponding 
diagrams for every / G Fi. 

The next proposition deals with the transition from knowledge bases to databa- 
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Proposition 3. If a bijection a : Fi ^ F2 determines equivalence of the bases 
KBi and KB2 then for every / e Fi we have an isomorphism of Halmos algebras 

Proof. 

Proceed from the corresponding diagrams * and **. Given a set X , take a set 
T consisting of one element u e B.al^^Q{X). In this case Tf = Val/(w). We have 
Ctf{X,T) = {X,Valf{u)), 

(X, Val/(«))^^ = Ctfc.{X,u^) = (X, (u^y") = (X, Val/«(«^)). 

Hence, 7/ transfers Val/(tt) to Val/a(tt^) for every u, which means that 7/ 
induces a mapping jf : Rf ^ Rfa. It is a homomorphism since Valj and /? are 
homomorphisms of algebras, and it is an injection since every Rf is a, simple algebra 
[Pll]. 

Let now ui be an arbitrary element of }iail^^e{X) . Then the second diagram 
gives 

(X,Val/.(«i)r/" = (X, Val/(«f )), 

and 

(X, Val/c«(ui)) = {X,Yalf{uf)ff = (X, Val/c (w))^'/, 

/3' 

where u = u-^ . This implies that 7/:i?/^i?/aisa surjection. Hence, we have 
an isomorphism : Rf ^ Rfa. 

7.2 Finite models- 
First of all it is clear that for finite models (G, F) the corresponding KB 

remains, in general, infinite. 
We prove the following main 

Theorem 4. Let the given models be finite. Then the knowledge bases KB\ and 
KB2 are equivalent if and only if there exists a bijection a : Fi ^ F2 such that for 
every f E Fi there is an isomorphism : Rf ^ Rf"- 

Proof. 

In one direction the statement is always true. Let now 7/ : Rf Rfa be an 
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homomorphisms f3f : Hale($i) Hal0($2) and : Hal0($2) Hale($i) such 
that the diagrams 

Hale($i) ^^Hale($2) 



Val, 



VaL 



Rf ^-l . Rf. 

Hale($i) *^Hal©($2) 



Val, 



VaL 



Rf Rf- 

are commutative. 

Simultaneously, there are functors 

^/:L©($i)^L0($2), 

^}:Le($2)^i^G($i)- 

It is left to define the isomorphism of categories 7/ : K^^Q{f) — > K^^Q{f°') such 
that the diagrams of the types * and ** be commutative. 

First we define 7/ on objects and then on morphisms. Take an object (X,T) of 
the category Le($i) for an arbitrary object {X,A) of the category i^$^e(/) with 
T-f = A. We have Ctf{X,T) = {X,Tf) = {X,A). Set 

{X,Aff = {X,Tfrf = {X, fl 7/Val/(«)) = 

(X, fl Val/.(«^/)) = (X,T/3//"). 

ueT 

We want to show that this definition does not depend on the choice of the set T 
with T-^ = A. Consider first the case when t/ = t/ = tI and the sets Ti and T2 
are finite. We have: (X,t/)^/ = (X,Tf^-^") and (X^T^f^f = (X,T^^^'^). 

We need to check that Tf^-^" = T^^^" . Indeed, 

Tf^^"= fl Va\f.{Pfm))= fl 7/Val/(«i)). 

Since 7/ : i?/ — > i?/c< is an isomorphism of algebras and Ti, T2 are finite sets, we 
can rewrite the expression in the form 



T,^'^"=lfi fl VaVK)) = 7/( fl Val/M)= f T/Val/K)) = T^^^" 
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Passing to the general case we proceed from finite models. Every finite model 
is geometrically noetherian, i.e., if A = T/ = t/, then in Ti and T2 one can find 
finite subsets Tqi and T02 with Tqi^ = Tq^ = A. Here, T^/-^" = T^i^'' . We have to 
verify that rf^-^" = T^^-^" and T^f'^ = D^ieTi Val/.(/?/wi). We can take a finite 
subset Tio in Ti such that Tf^^" = rf^f-'^". Take the union of sets Tio and Tqi and 
denote it by Tqoi. Then T/q^ = A = T(, T^^^" = T^of ■ Analogously, for T2 take 
T002 and A — Tqq-^ — Tqq2. Besides that, 

rpPff" _ rpPff"' _ rpPff" 

^1 ~ -^001 — -'-2 

The equality Tf = T!^^^ gives commutativity of the diagram for objects. 

Similarly, we build 7^ ^ having 7^^ and the equality 7^ ^ ~ 7/ ^ holds. 

Now let us pass to morphisms. Remind first of all that to every homomorphism 
s : W{Y) — > W{X) there correspond 

si :HaW,©(y)^HaU,eW, 

si : Hal^,,G(^) ^ Hal$2G(^). 

Let the objects {Y, T2) and (X, Ti) be given in Le($i). Recall that s is admissible 
for T2 and Ti if sl{u) e Ti for every u e T2. Here si : (F,T2) ^ is a 

morphism. Proceed further from an arbitrary homomorphism (3 : Hale(^i) — > 
Hale ($2)- It had been proved that if s is admissible for T2 and Ti then the same 
s is admissible for and Tf as well, i.e., s\{u) G Tf for every u G T^. Hence, we 
have a morphism 

Ksl) = sl:{Y,Ti)^{X,T^). 
Take now (3 — (3f and apply Ct/a: 

Ctf.{sl) : Ct/.(X,Tf-) ^ Ct/«(F,T2^-). 

It can be rewritten as 

Ct/a(.^):(X,Tf-^")^(X,T^^") 

or 
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Let now t/ = A, t/ = B. For si : (F, T2) (X, Ti) we have 

Ct/(.i):(X,T/)^(y,T/) 

and a related morphism 

Ct/.(^2):(X,T/r/^(F,T/^p. 
Commutativity of the diagram on morphisms means that 

lfCif{sl) = Qif<.{M^l)) 

for every : (F, T2) ^ (X, Ti). 

Continuing consideration of finite models, proceed from the isomorphism : 
Rf — > Rfa and the corresponding functor 7/ : K$^e(/) -f^*2©(/'*)- This functor 
had been defined on the objects, and now we are going to define it on morphisms. 

Let T : (X, A) — (y, B) be a morphism in Ki^^Q^f). This r appears as follows. 
A morphism 

sI:YL^U,q{Y)^YL^U,q{X) 

corresponds to s : W{X). If now A = tI , B = and s\ is admissible 

for T2 and Ti then we have 's\ : (X, yl) ^ (F, S). We may say that t = 's\ for some 



si. 



Define 



If 



Here, 



(X,T/p = (X,Tf^^"), 

(r,T/p = (r,T^^^") 

do not depend on the choice of Ti and T2 with t[ = A and t/ = S. Check further 
that 7j : i^^$^e(/) -f^*2©(/'^) determined in such a way is in fact a functor and 
this functor provides commutativity of the diagram on morphisms. 

Note first of all that the definition of 7/ on morphisms can be rewritten as 
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Take two morphisms = Ct f{s\^) and = Ct/(s2*) and consider the product 



Apply 7/: 



7/((s2Si)') = ((s2Si)2) = sl.sl, = sl.sl, = 7/(sL)7/(sL)- 



Now check the commutativity of the diagram 



Le($i) ' Le($2) 



Ct, 



Take a morphism si : {Y,T2) {X,Ti) in Lg($i). We have 

^(.i):(r,T^)^(X,Tf-), 



Ct,c 



and 



Rewrite it as 



Further, 



Ct/(.i):(X,T/)^(F,r/), 



Check now the equality 



for every si- We have 



lfCtf{sl)=^f{sl) = ^^, 

This gives commutativity of the diagram * of morphisms, i.e., 

7/Ct/ = Ctfc^Px. 

The same can be done for the functor 7^^ = 7^^ and the second commutative 
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7. Additional remarks. 

7.1. Let us look at the definition of equivalence from the general perspective of 
category theory. Given two functors (pi : Ci ^ and (fi2 '■ C2 ^ C2, we say 
that Ci and C2 are equivalent in respect to and (fi2, if there is an isomorphism 

: C° — > (7° and functors ipi : Ci ^ C2, ip2 '■ C2 ^ Ci with the commutative 
diagrams 



C2 
C2 



Ci 

c\ 

Ci ■ 

Usual equivalence of categories is equivalence in respect to the transition to 
skeletons of categories. In our situation we may say that equivalence of knowledge 
bases means that there exists equivalence of categories of description of knowledge 
in respect to transition to the categories of knowledge content. 

7.2. Let us return to the definition of knowledge bases with multi-models {G\ , $1 , 
Fi) and (G2, ^2,-^2), and let the bijection a : Fi — > F2 determine equivalence of 
the corresponding KB\ and KB2. Assume that two instances /i and /2 from Fi 
are connected by a commutative diagram 

Hale($i) 




where 7 is a homomorphism of algebras. We want to evaluate the relation between 

/f and f^. 

Proceed from the diagrams 



Hal,j>^G 
Val, 

R 



HalcjijG 



Val/c 



Hal$^© 
Val, 



7/ 



Hal 



$20 

VaLc 
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Rfi — ^ Rf^ 

7 7" 

Here, 

7Val/i = Val/2, 7" = ^f^^^J^^ 

and 

7"Val/a = 7"7AVal/,/3^^ = T/^TVal/,/?^^ = T/^Val/,/?}, = Val/^/?/,^. 
Hence, 7"Valjia — Val/a/^j^/^y,^ , i.e., the connection is twisted by the product 

At last, let us note that from the diagrams above follow the natural identities: 

1. Val/(M) = Valf{f3'f/3f{u)) for every u e Hale($i). 

2. Val/«('u) = Val/c(/3//3^.(ti) for every u G Hale ($2)- 

7.3. Note that the equivalence condition of two knowledge bases in the case of 
finite multi- models can be formulated in terms of these multi-models (cf. [PTP]). 

Definition 2. Let the models and (6*2, $27/2) be given. Let Aut(/i) 

and Aut(/2) be the corresponding groups of automorphisms. The models {Gi, $1, /i) 
and {G2,^2, f2) are called automorphic equivalent if there exists an isomorphism 
of algebras 5 : G\ ^ G2 such that 

Aut(/2) = 5kni{f^)5-\ 

Definition 3. Let the multi-models (G'i,$i,Fi) and (G2,$2,-^2) be given. These 
multi-models are called automorphic equivalent if there exists a bijection a : Fi ^ 
F2 such that for every / G Fi the models {Gi,^i, f) and {G2, ^2, f^) o'^e automor- 
phic equivalent. 

It is natural to define an isomorphism of multi-models with the same set of 
relations $1 and $2- An isomorphism of multi- models implies their automorphic 
equivalence. Evidently, the inverse statement is not true. 

Let the knowledge bases KBi = M(G'i,$i,Fi) and KB2 = ^(G'a, $2, ^^2) 
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Theorem 5. The knowledge bases KBi = KB{Gi,^i,Fi) and KB2 = KB{G2, 
$2,-^2) are informationally equivalent if and only if the corresponding models are 
automorphic equivalent. 

The proof of this theorem is parallel to the proof of the corresponding theorem in 
[PTP] and uses the Galois-Krasner theory in the given variety of algebras [PH]- 
Theorem 5 provides an algorithm for the informational equivalence verification. 



References 

[BJ] Bulatov A., Jeavons, P.„ An algebraic approach to multi-sorted constraints, Proceedings of 
CP '03, to appear (2004), 15pp. 
[JCP] Jeavons, P., Cohen, D.,; Pearson, J., Constraints and universal algebra, Ann. Math. Artificial 

Intelligence 24, 51-67. 

[G] Canter B., Mineau C, Ontology, metadata, and semiotics, vol. 1867, Lecture Notes in AI, 
Springer- Verlag, 2000, pp. 55-81. 

[H] Halmos P.R., Algebraic logic, New York, 1969. 

[HMT] Henkin L., Monk J. D., Tarski A., Cylindric Algebras, North-Holland Publ. Co., 1985. 

[L] Lenat D., Steps to Sharing Knowledge, Toward Very Large Knowledge Bases, edited by N.J.L 
Mars. IDS Press, 1995. 
[ML] MacLane S., Categories for the working mathematicians. Springer, 1971. 

[NP] NikolovaD., Plotkin B., Some Notes on Universal Algebraic Geometry, Proc. of Int. Algebraic 
Conference on the Occasion of 90th Birtday of A.G. Kurosh, Moscow 1998, Walter de Gryiter, 
(1999,), 237-261. 

[PIl] Plotkin B.I., Universal algebra, algebraic logic and databases, Kluwer, 1993. 
[P12] Plotkin B.I., Algebraic geometry in First Order Logic, manuscript, Jerusalem, 2000. 
[P13] Plotkin B.I., Algebra, categories and databases. Handbook of algebra, v. 2, Elsevier, Springer, 
1999, pp. 81-148. 

[PTP] Plotkin B.I., Plotkin T., Geometrical aspect of databases and knowledge bases. Algebra Uni- 
versahs 46 (2001), Birkhauser Verlag, Basel, 131-161. 
[PT] Plotkin T., Relational databases equivalence problem. Advances of databases and information 
systems. Springer, 1996, pp. 391-404. 
[S] Sowa J., Knowledge Representation: Logical, Philosophical, and Computational Foundations, 
Brooks Cole Publishing Co., Pacific Grove, CA, 2000. 



